Abstract. The algebraic approach to nuclear structure physics allows a certain microscopic collective motion algebra to be also interpreted on macroscopic level which is achieved in the limit of large representation quantum numbers. Such limits are referred to as macroscopic or hydrodynamic limits and show how a given microscopic discrete system starts to behave like a continuous fluid. In the present paper, two contraction limits of the recently introduced fully microscopic proton-neutron symplectic model (PNSM) with the Sp(12, R) dynamical symmetry algebra are considered. As a result, two simplified macroscopic models of nuclear collective motion are obtained in simple geometrical terms. The first one is the U(6)-phonon model with the semi-direct product structure [HW(21)]U(6), which is shown to be actually an alternative formulation of the original proton-neutron symplectic model in the familiar IBM-terms. The second model which appears in double contraction limit is the two-rotor model with the ROT p (3) ⊗ ROT n (3) ⊃ ROT (3) algebraic structure. The latter, in contrast to the original two-rotor model, is not restricted to the case of two coupled axial rotors. In this way, the second contraction limit of the PNSM, provides the phenomenological two-rotor model with a simple microscopic foundation.
Introduction
Symmetry is an important concept in physics. In finite many-body systems, it appears as time reversal, parity, and rotational invariance, but also in the form of dynamical symmetries [1] [2] [3] [4] [5] [6] . The standard symmetry approach allows the construction of a Hamiltonian of a system under consideration which is, or nearly so, invariant under a group of symmetry transformations. Group theory then allows one to construct basis states realizing the symmetry and explicit matrix elements for physically interesting transition operators themselves classified by the symmetry. Many properties of atomic nuclei [1, [3] [4] [5] [6] have been investigated using algebraic models, in which one obtains bands of collective states which span irreducible representations of the corresponding dynamical groups.
The algebraic approach in nuclear structure physics is also particularly useful because a certain algebra can often be interpreted both at the macroscopic (hydrodynamic) and microscopic levels. There is a formal expansioncontraction group-theoretical procedure [7] [8] [9] which allows to accomplish such a relation between the microscopic and macroscopic aspects of a given many-particle nuclear system. Contraction limits are obtained at large representations of the microscopic collective algebras under consideration. In this way, at large quantum numbers, one obtains the macroscopic or hydrodynamic limits which show how a discrete microscopic system starts to behave like a continuous hydrodynamic system. That a e-mail: huben@theor.jinr.ru b Permanent address: Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, Sofia, Bulgaria is why such limits are referred to as hydrodynamic or many-particle limits. Through the exploration of macroscopic limits new models appear in simple geometrical terms which reveal the underlying physical dynamics of the original algebraic models.
Recently, the fully microscopic proton-neutron symplectic model (PNSM) of nuclear collective motion was introduced by considering the symplectic geometry and possible collective flows in the two-component many-particle nuclear system [10] . Further, it was shown that, in its hydrodynamic limit, it reduces to the U(6)-phonon model with the semi-direct product structure [HW(21)]U(6) which unifies both the two-fluid irrotational-flow collective model and a microscopically based U(6) model [11] . The latter naturally generalizes the SU(3) model of Elliott [12] for the case of two-component many-particle nuclear system and is related to the valence proton-neutron degrees of freedom. From the hydrodynamic perspective, the U(6)-phonon model therefore includes the irrotational collective flows and their coupling to the intrinsic vortex degrees of freedom. The latter is of vital importance for the appearance of the low-lying collective bands. In this way the extra degrees of freedom contained in this larger U(6) algebraic structure will therefore embrace the basic SU(3) rotor as well as the low-lying vibrational degrees of freedom.
The appearance of an U(6) intrinsic structure in both the PNSM and U(6)-phonon model is of significant importance for the microscopic theory of nuclear collective excitations. In this regard, we recall that the popular Interacting Boson Model [13] has clearly demonstrated that simple algebraic ways exist to get collective spectra within DOI: 10.1051/ C Owned by the authors, published by EDP Sciences, 201 / 0 0 0 (201 ) 201 epjconf U(6)-based scheme. Then, within the framework of both the PNSM and U(6)-phonon model, the full range of lowlying states could be described by microscopically based U(6) structure along the lines of the IBM, albeit in contrast to the latter, renormalized by their coupling to the giant resonance vibrations. This result could not be overestimated recalling also that in order to obtain the low-lying excited collective bands (e.g., beta band) within the framework of the one-component symplectic model [14] one needs to involve a representation mixing caused by, e.g., pairing, spin-orbit and other symplectic-breaking components of the nuclear interaction (cf. Ref. [15] ).
In the present contribution, we show that the U(6)-phonon model represents actually an alternative formulation of the PNSM in the familiar IBM-terms. For this purpose, the relevant representation theory of the U(6)-phonon model is shortly considered. It is shown that it coincides with that of the original proton-neutron symplectic model [16] . The relation of the U(6)-phonon model irreps with the shell-model classification of the basis states is considered by reducing the U(6) group to the direct product space of SU p (3) ⊗ SU n (3) irreps, generalizing in this way the Elliott's S U(3) model [12] for the case of twocomponent nuclear system. The physical content of the intrinsic substructure SU p (3) ⊗ SU n (3) ⊃ SU(3) of U (6), associated with the proton-neutron valence shell degrees of freedom, is exposed further by considering its contraction limit. It is shown that, at large representation quantum numbers, it reduces to that of two coupled rigid rotors (two-rotor model) ROT p (3)⊗ROT n (3) ⊃ ROT (3). The latter, in contrast to the original two-rotor model (TRM) [17] , is not restricted to the case of two coupled axial rotors. In this way, the second contraction limit of the PNSM, provides the phenomenological TRM with a simple microscopic foundation.
The proton-neutron symplectic model
Collective observables of the proton-neutron symplectic model, which span the Sp(12, R) algebra, are given by the following one-body operators [10] :
where i, j = 1, 2, 3; α, β = p, n and s = 1, . . . , m = A−1. In Eqs.
(1)−(4), x is (α) and p is (α) denote the coordinates and corresponding momenta of the translationally-invariant Jacobi vectors of the m-quasiparticle two-component nuclear system and A is the number of protons and neutrons. By considering the m Jacobi quasiparticles instead of A protons and neutrons, the problem of center-of-mass motion is avoided from the very beginning. Dynamical content of the PNSM is revealed by considering different dynamical groups that can be constructed from the symplectic operators which generate different classical collective motions, including a wide class of both the in-phase (isoscalar) and out-of-phase (isovector) excitations of the proton subsystem with respect to the neutron one, as well as collective excitations of the combined proton-neutron system as a whole. Thus, the Sp(12, R) group provides a quite general framework for the investigation of the nature of classical collective motions in nuclei. The PNSM appears as a hydrodynamic collective model of the proton-neutron nuclear system which include 21 collective irrotational-flow degrees of freedom and an U(6) intrinsic structure associated with the vortex degrees of freedom [10] .
To quantize the model one has to construct the irreducible representations of the Sp(12, R) group, appropriate to the many-particle system. Thus, the model space is spanned by the irreducible representations of the Sp(12, R) algebra. In terms of the harmonic oscillator creation and annihilation operators
the many-particle realization of the Sp(12, R) Lie algebra is given by [16] :
The number-conserving operators (8) generate the maximal compact subgroup U(6) of Sp (12, R) .
From the shell-model perspective, the PNSM appears as a natural multi-major-shell extension of the generalized proton-neutron SU(3) scheme which takes into account the core collective excitations of monopole and quadrupole, as well as dipole type associated with the giant vibrational degrees of freedom [16] . Each Sp(12, R) irreducible representation is determined by a symplectic bandhead or an intrinsic U(6) space which can be fixed by the underlying proton-neutron shell-model structure, so the theory becomes completely compatible with the Pauli principle. Moreover, the intrinsic U(6) structure is of vital importance for the appearance of the low-lying collective bands.
Further, at large Sp (12, R) representations, as will see in the next section, the algebraic structure of the protonneutron symplectic model simplifies as a result of the group contraction of its underlying dynamical symmetry algebra. 
EPJ Web of Conferences
They obey the following commutation relations:
which differ from the standard angular momentum su (2) commutation relations only by the sign on the right hand side of the last commutator, and are defining for the su(1, 1) algebra, locally isomorphic to sp(2, R) algebra. Note that the operator 2K 0 is the harmonic oscillator Hamiltonian in units ω with eigenvalue σ 0 = (σ 1 + . . .
. From the commutation relations (12) one readily obtains [11] [
where the operator D is defined as D = (2K 0 −σ 0 I)/σ 0 and I is the identity operator. For a harmonic oscillator shellmodel state of excitation energy 2ν ω above the lowestweight state |σ , the operator D has eigenvalue 2ν/σ 0 , which in the limit σ 0 →∞ (hydrodynamic limit) tends to 0. In practice one needs only the condition 2ν << σ 0 . The U (6) Sm . From the latter one finds that the minimum number of oscillator quanta allowed by the Pauli principle is σ 0 = 957. So, the condition 2ν << σ 0 is satisfied for small ν.
Thus, in the limit 2ν << σ 0 , one obtains
which can be written in terms of the F and G operators (9) and (10) [
From the latter it follows that the operator
Then the commutation relation (15) is satisfied if the following correspondence is made
Equation (16) (2, R) ≈ su(1, 1) ⊂ su p (1, 1) ⊕ su n (1, 1) and u(1)-phonon algebras. The obtained correspondence is known also as a contraction limit. In a similar manner, one can obtain the correspondence between the remainder of the Sp(12, R) and U(6)-phonon algebras. Thus, the full correspondence is given by [11] : (17) and their hermitian conjugate counterparts. The set of op- (7)) which represent multi-major-shell collective core excitations.
The U(6)-phonon and two-rotor models

The U(6)-phonon model
The phonon and u(6) operators together span a semi-direct sum Lie algebra [hw(21)]u(6) which we call u(6)-phonon algebra. Then, the U(6)-phonon model is a model whose state space carries an unitary irreducible representation of the u(6)-phonon algebra and for which the Hamiltonian and collective observables are simple functions of the u (6) and phonon operators.
If we identify the ±2 ω phonon operators of the hw(21) algebra with those of the two-fluid irrotationalflow model, then it is clear that the PNSM contains the former as a submodel. However, it is also clear from the microscopic realization of the sp(12, R) algebra that the additional u(6) intrinsic degrees of freedom appear which turn out to be crucial for the appearance of low-lying collective bands. From the general linear flow origins of the symplectic model, we know that these extra degrees of freedom are associated with the internal (vortex) motions [10] . Among the latter are the vortex spin rotations. In this way, from the hydrodynamic perspective, the U(6)-phonon model is an extension of the two-fluid irrotationalflow collective model to include the intrinsic vortex degrees of freedom. An U(6)-phonon irreducible representation is defined by the U(6) highest-weight state |σ with σ = [σ 1 , . . . , σ 6 ] which is also a phonon vacuum, i.e. satisfies the following equations
with σ 0 = σ 1 + . . . + σ 6 + 6 2 (A − 1), where a, b = 1, . . . , 6 and u represents any annihilation operator of the hw(21) algebra. Note that the u(6)-phonon algebra is non-compact and hence its unitary irreducible representations are infinite dimensional and have no highest weights. Thus its irreps are defined by the lowest-weight states which are also U(6) highest-weight states. Such an U(6) irrep whose highest-weight state is also an U(6)-phonon lowest-weight state is said to be a lowest-grade U(6) irrep for that U(6)-phonon irrep. The other states of the basis are then generated by repeated action of the phonon raising operators on the U(6) irreducible states. The phonon operators
representation of U (6) . Then, the U(6)-phonon basis can be classified according to the chain [11] :
and written in the form
with U(6) quantum numbers n = [n 1 , . . . , n 6 ] running over the sets of even integers for which n 1 ≥ n 2 ≥ . . . ≥ n 6 ≥ 0 and n 1 + . . . + n 6 = 2N. In (22) the square brackets denote an U(6)-coupling of the polynomial Z (n) (u † ) with the intrinsic U(6) structure |σ , ρ is a multiplicity index and η denotes a basis for the coupled U(6) irrep E. The latter can be fixed by considering different subgroup chains which reduce the U(6) to the rotational group SO (3) . The shell-model considerations suggest the reduction [16] :
The chain (23) naturally generalizes the Elliot SU(3) model [12] by extending the model space to the direct product space SU p (3) ⊗ SU n (3) of proton and neutron subsystems. The SU(3) irreps of the two subsystems are subsequently coupled to the SU(3) irrep of the combined proton-neutron system. The chain (23) corresponds to the following choice of the index η = γ(λ p , μ p )(λ n , μ n ) (λ, μ)KLM labeling the basis states (22). In this way one obtains a representation theory which is precisely the same as that given in Ref. [16] .
The phonon structure of the [HW(21)]U(6) model therefore enables it to simultaneously include the giant 16] monopole and quadrupole, as well as dipole resonances into nuclear collective dynamics. On the other hand, the low-lying rotational bands are associated primarily with the proton-neutron valence shell degrees of freedom represented by the intrinsic U(6) structure.
If the U(6)-phonon lowest-weight state |σ reduces to the phonon vacuum |0 , then one obtains a 21-dimensional two-fluid irrotational-flow collective model. Thus, by allowing the phonon vacuum to have a non-trivial intrinsic U(6) structure gives the collective model a much richer structure and a framework for considering the low-lying collective bands in an unified manner. This result is of significant importance for the theory of nuclear collective excitations.
As an illustration, the U(6)-phonon irreducible representation of 154 Sm, determined by the lowest-grade U(6) irrep [132, 86, 70, 70, 70, 70] , is given in Table 1 . As we can see from it, the relevant U(6) irreps comprising the U(6)-phonon irreducible representation under consideration are not fully symmetric. However, one expects the most symmetric U(6) irreps E to be dominant in the lowenergy spectra of the heavy deformed even-even nuclei. The classification of the SU(3) basis states for 154 Sm according to the decompositions given by the chain (23) for the U(6)-phonon irreducible representation under consideration, restricted to the most symmetric two-rowed U(6) partitions, is given in Table 2 . From the latter the structure of the basis becomes evident. The SU(3) basis states so obtained are precisely those which can be obtained respectively by acting on the intrinsic base space states (λ, μ)
We also see repeating of the SU(3) multiplets within different U(6) irreducible representations.
The fact that one obtains a nonscalar U(6)-phonon irreducible representation for a particular nucleus is a very important feature of the present approach, which is a consequence of the two-component composite character of the nuclear systems. As we can see from Table 2 , the U(6) intrinsic structure (the first row with 2N = 0) contains many SU(3) multiplets which are appropriate for the description of different low-lying collective bands (ground state, β, γ, etc.) in the spectra of heavy even-even deformed nuclei. In this way the U(6) intrinsic structure of the U(6)-phonon model provide us with a framework for the simultaneous description of low-lying collective states of well deformed nuclei in a manner similar to that of IBM, but in contrast to the latter, with states which are renormalized by their coupling to the giant resonance vibrational degrees of freedom.
The coupled two-rotor model
The combined su(3) algebra of the proton-neutron system is spanned by the set su(
The elements of su (3) satisfy the following commutation relations: 
when →∞. In this way, we have obtained the well known result that, in the limit of large su(3) quantum numbers, the su(3) algebra contracts to that of rigid rotor algebra
, where R 5 is the fivedimensional abelian Lie algebra spanned by the commuting mass quadrupole operators and so (3) is the angular momentum algebra. Similarly, one can obtain the contractions of the proton and neutron su(3) algebras. Thus, in double contraction limit, we have obtained the subgroup chain:
which contains the algebraic structure of two coupled rigid rotors (two-rotor model). Note, however, that in contrast to the original TRM [17] , the present algebraic structure assumes the more general case of two coupled non-axial rotors. This is obvious even on the SU(3) level. We recall that the reduction of the generic U(6) irreducible repre-
] to the direct product irreps of SU p (3) ⊗ SU n (3) allows irreps of the type (λ p , μ p )⊗(λ n , μ n ) with nonzero values of the quantum numbers λ and μ characterizing the proton and neutron SU (3) irreps. The latter geometrically corresponds to two nonaxial rotors [19] . The considered contraction limit gives the phenomenological TRM simple microscopic foundation.
From the shell-model perspective, two-rotor model degrees of freedom correspond to the SU p (3) ⊗ SU n (3) ⊃ SU(3) proton-neutron dynamics of the 0 ω space. The hydrodynamic limit (σ 0 → ∞) of the symplectic model shows, from the other side, that the underlying vibrational degrees of freedom are associated with the 2 ω giant resonances of monopole (L=0), quadrupole (L=2) and dipole (L=1) type. Note that the latter is not the giant dipole resonance corresponding to the 1 ω excitation mode, which however can be easily incorporated into the PNSM by making its central extension, i.e. by considering the semidirect structure WSp(12, R) ≡ [HW(6)]Sp(12, R) where the HW(6) algebra is spanned by the harmonic oscillator raising and lowering operators (5) together with the identity operator I. Then, in double contraction limit, the states of a single Sp(12, R) irrep could be identified with the two-rotor model states coupled to the 21-dimensional vibrator associated with the giant resonance vibrational degrees of freedom. We note that, from the hydrodynamic perspective, the latter are of irrotational-flow character [10] .
Conclusions
It was shown that the algebraic approach to nuclear structure physics allows a certain microscopic collective motion algebra to be also interpreted on macroscopic level which is achieved in the limit of large representation quantum numbers. Such limits are referred to as macroscopic or hydrodynamic limits and show how a given microscopic discrete system starts to behave like a continuous fluid.
In particular, in the present contribution, two contraction limits of the recently introduced fully microscopic proton-neutron symplectic model with the Sp(12, R) dynamical symmetry algebra were considered. As a result, two simplified macroscopic models of nuclear collective motion are obtained in simple geometrical terms. The first one is the U(6)-phonon model with a semi-direct product structure [HW(21)]U(6), which is shown to be actually an alternative formulation of the original proton-neutron symplectic model in the familiar IBM-terms. The phonon structure of the [HW(21)]U(6) model enables it to simultaneously include the giant monopole and quadrupole, as well as dipole resonances into nuclear collective dynamics. The relation of the U(6)-phonon model irreps with the shell-model classification of the basis states is further considered by reducing the U(6) group to the direct product space of SU p (3) ⊗ SU n (3) irreps, generalizing in this way the Elliott's SU(3) model for the case of two-component nuclear system. The SU(3) irreps of the two subsystems are subsequently coupled to the SU(3) irrep of the combined proton-neutron system. The U(6) intrinsic structure of the [HW(21)]U(6) model therefore gives a framework for the simultaneous description of the ground state band, as well as the other excited low-lying collective bands.
At large quantum numbers, the intrinsic substructure SU p (3) ⊗ SU n (3) ⊃ SU(3) of U (6) , associated with the proton-neutron valence shell degrees of freedom, further reduces to ROT p (3) ⊗ ROT n (3) ⊃ ROT (3), i.e. to that of two coupled rigid rotors (two-rotor model). In this way, in double contraction limit, the sp(12, R) algebra reduces to the coupled two-rotor model algebra rot p (3) ⊕ rot n (3) ⊃ rot(3) and a phonon algebra hw(21) of the giant resonance vibrational degrees of freedom. The full range of lowlying collective states could then be described as two-rotor model states, renormalized by their coupling to the giant resonance vibrations.
